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STABILITY OF IDEAL LATTICES FROM QUADRATIC
NUMBER FIELDS
LENNY FUKSHANSKY
Abstract. We study semi-stable ideal lattices coming from real quadratic
number fields. Specifically, we demonstrate infinite families of semi-stable
and unstable ideal lattices of trace type, establishing explicit conditions on
the canonical basis of an ideal that ensure stability; in particular, our result
implies that an ideal lattice of trace type coming from a real quadratic field
is semi-stable with positive probability. We also briefly discuss the connection
between stability and well-roundedness of Euclidean lattices.
1. Introduction and statement of results
Let Λ ⊂ Rn be a lattice of rank n ≥ 2. For each 1 ≤ i ≤ n, the i-th successive
minimum of Λ is defined as
λi = min {λ ∈ R>0 : dim (spanR {Λ ∩Bn(λ)}) ≥ i} ,
where Bn(λ) is a closed ball of radius λ centered at the origin in R
n. Then clearly
(1) λ1 ≤ · · · ≤ λn,
and we say that Λ is well-rounded (abbreviated WR) if there is equality throughout
in (1). Two lattices Λ and Ω are said to be similar, written Λ ∼ Ω, if there exists a
positive real number γ and an n×n real orthogonal matrix U such that Λ = γUΩ.
It is easy to see that ratios of successive minima, and hence well-roundedness, are
preserved under similarity.
On the other hand, the lattice Λ is called semi-stable if for each sublattice Ω ⊆ Λ,
(2) det(Λ)1/ rk(Λ) ≤ det(Ω)1/ rk(Ω).
For instance, when rk(Λ) = 2 the defining inequality (2) can be restated as
(3) λ1 ≥ det(Λ)1/2,
since for each sublattice Ω = spanZ {z} ⊂ Λ of rank 1, det(Ω) = ‖z‖ ≥ λ1. Semi-
stability, the same as well-roundedness, is preserved under similarity. If a lattice is
not semi-stable, we will say that it is unstable.
The notion of semi-stability was originally introduced by Stuhler [14] in the
context of reduction theory and later used by Grayson [10] in the study of arith-
metic subgroups of semi-simple algebraic groups (see also [7] for an excellent survey
of Stuhler’s and Grayson’s work). As indicated in [1], semi-stability heuristically
means that the successive minima are not far from each other (see [5] for a detailed
investigation of this connection), i.e., inequality (1) is not far from equality. As a
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first observation, however, we note that the converse is not true; in other words,
successive minima being close to each other does not necessarily imply stability.
Specifically, we prove the following lemma.
Lemma 1.1. All WR full-rank lattices in R2 are semi-stable. On the other hand,
for each n ≥ 3 there exist infinitely many similarity classes of unstable WR lattices
of rank n in Rn.
Proof. First suppose that Λ ⊂ R2 is WR. Then there exists a basis x1,x2 for Λ
consisting of vectors corresponding to successive minima, i.e.
λ1 = ‖x1‖ = ‖x2‖ = λ2.
Let θ be the angle between these vectors, then
det(Λ) = ‖x1‖‖x2‖ sin θ = λ21 sin θ ≤ λ21.
and so Λ is semi-stable by (3). This shows that all WR lattices in R2 are semi-stable.
Next suppose n ≥ 3 and let e1, . . . , en be the standard basis vectors in Rn. We
construct a family of examples of WR lattices of rank n in Rn, which are unstable.
From our simple construction, it becomes immediately clear that many other such
examples are possible. Let θ ∈ [pi/3, pi/2), and let
xθ = cos θe1 + sin θe2,
and define
Λθ = spanZ {e1,xθ, e3, . . . , en} .
It is easy to see that Λθ is WR with
λ1 = · · · = λn = 1,
where e1,xθ, e3, . . . , en are the vectors corresponding to successive minima. Con-
sider a sublattice Ωθ = spanZ {e1,xθ} ⊂ Λ of rank 2, and notice that
det(Λθ)
1/n = (sin θ)1/n > (sin θ)1/2 = det(Ωθ)
1/2,
since
√
3/2 ≤ sin θ < 1. Hence Λθ is unstable, and two such lattices Λθ1 and Λθ2
are similar if and only if θ1 = θ2. 
Remark 1.1. A particularly important subclass of WR lattices are perfect lattices,
which figure prominently as potential candidates for extremum points of the sphere
packing density function on the space of lattices, as well as in other related opti-
mization problems. Y. Kim recently showed [12] that, while all perfect lattices in
dimensions ≤ 7 are semi-stable, there exists one 8-dimensional perfect lattice which
is not semi-stable.
In [1], the author remarks that, while semi-stable lattices have been investigated
in several arithmetic and geometric contexts, they have not yet been seriously
studied in the scope of classical lattice theory. A goal of this note is to partially
remedy this situation. One important construction widely used in lattice theory is
that of ideal lattices coming from number fields. Ideal lattices have been extensively
studied in a series of papers by Eva Bayer-Fluckiger and her co-authors in the 1990’s
and 2000’s (see, for instance, [2], [3], [4]). Here we consider a restricted notion of
ideal lattices coming from quadratic number fields, called ideal lattices of trace type.
Let K be a quadratic number field, and let us write OK for its ring of integers.
Then K = Q(
√
D) (real quadratic) or K = Q(
√−D) (imaginary quadratic), where
D is a positive squarefree integer. The embeddings σ1, σ2 : K → C can be used
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to define the standard Minkowski embedding σK of K into R
2: if K = Q(
√
D),
then σK : K → R2 is given by σK = (σ1, σ2); if K = Q(
√−D), then σ2 = σ1,
and σK = (ℜ(σ1),ℑ(σ1)), where ℜ and ℑ stand for real and imaginary parts,
respectively. Each nonzero ideal I ⊆ OK becomes a lattice of full rank in R2 under
this embedding, which we will denote by ΛK(I) := σK(I). These are the ideal
lattices we consider.
WR ideal lattices were studied in [9] and [8], where in particular it was shown that
a positive proportion of quadratic number fields contain ideals giving rise to WR
lattices. In view of Lemma 1.1, it is interesting to understand which ideal lattices
coming from quadratic number fields are semi-stable. An inequality connecting
successive minima of an ideal lattice and the norm of its corresponding ideal I in
the ring of integers of a fixed number field K follows from Lemma 3.2 of [9]:
(4) λ1(ΛK(I))
2 ≥ (r1 + r2)N(I)
1
r1+r2 .
Here r1 is the number of real embeddings and r2 is the number of pairs of complex
conjugate embeddings of K; N(I) stands for the norm of the ideal I in OK . A
direct adaptation of Lemma 2 on p.115 of [13] implies that
(5) det(ΛK(I)) = 2
−r2 |∆K | 12N(I),
where ∆K is the discriminant of K.
In this note, we discuss the case of real quadratic fields. When K is a real
quadratic number field, r1 = 2 and r2 = 0, and so combining (4) with (5), we only
obtain
λ1(ΛK(I)) ≥
√
2
|∆K |1/8
det(ΛK(I))
1/4.
Hence the situation is more complicated and requires more detailed analysis and
additional notation. Let D > 1 be a squarefree integer and let K = Q(
√
D). We
have OK = Z[δ], where
(6) δ =
{
−√D if K = Q(√D), D 6≡ 1(mod 4)
1−
√
D
2 if K = Q(
√
D), D ≡ 1(mod 4).
Now I ⊆ OK is an ideal if and only if
(7) I = I(a, b, g) := {ax+ (b + gδ)y : x, y ∈ Z},
for some a, b, g ∈ Z≥0 such that
(8) b < a, g | a, b, and ag | N(b+ gδ).
Such integral basis a, b + gδ is unique for each ideal I and is called the canonical
basis for I (see Section 6.3 of [6] for details). In Section 4 we prove the following
result.
Theorem 1.2. Let K = Q(
√
D) be a real quadratic number field. Then there exist
infinitely many ideals I ⊆ OK for which the corresponding ideal lattice ΛK(I) is
semi-stable, as well as infinitely many such ideals with the corresponding lattice
unstable. Specifically, let γ ∈ R>0 and define the functions
uγ(b) =
{
γ(2b+1)
2 if D ≡ 1(mod4)
γb if D 6≡ 1(mod4),
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v(b) =
{
(2b+1)2+D
2
√
D
if D ≡ 1(mod 4)
b2+D√
D
if D 6≡ 1(mod 4),
h(b) =
{
(2b+1)2−D
2 if D ≡ 1(mod 4)
b2 −D if D 6≡ 1(mod 4).
Then there exists an absolute constant γ > 1 such that if
(9) uγ(b) ≤ a ≤ v(b),
then the lattice ΛK(I(a, b, g)) is semi-stable for every triple a, b, g satisfying (8).
On the other hand, if
(10) v(b) < a ≤ h(b),
then the lattice ΛK(I(a, b, g)) is unstable for every triple a, b, g satisfying (8).
In fact, Remark 4.1 below shows that the probability of an arbitrary ideal lat-
tice Λ
Q(
√
D)(I(a, b, g)) being semi-stable is positive (specifically, the probability is
at least 1/γ as b→∞).
In Section 2 we prove a technical lemma on distribution of divisors of integers of
the form x2 −D, which is useful to us later in our main argument. In Section 3 we
establish Proposition 3.1, which is the core of our argument. Finally, we use this
proposition in Section 4 to prove Theorem 1.2. We are now ready to proceed.
2. A divisor lemma
In this section we make an observation on the finiteness of the set of integers of
the form x2 ± D which have divisors in small intervals around their square root.
This result is later used in the proof of Theorem 1.2. The proof of this lemma was
suggested to me by Florian Luca.
Lemma 2.1. Let |D| > 1 be a squarefree integer and 0 < ε < 1/2 a real number.
Then the set {
x ∈ Z>0 : ∃ b | x2 −D such that x < b ≤ x+ x1/2−ε
}
is finite.
Proof. Since there are only finitely many positive integers less than any fixed con-
stant, we can assume without loss of generality that
x > max
{
|D|, 21/ε
}
.
Let us write x2−D = bd, where b ∈ (x, x+x1/2−ε], then d ∈ [x−x1/2−ε, x). Notice
that b = d+ a, where a ∈ [0, 2x1/2−ε]. Therefore
x2 −D = d(d + a) = d2 + 2da
2
+
(a
2
)2
−
(a
2
)2
=
(
d+
a
2
)2
−
(a
2
)2
,
and therefore
(2x)2 = (2d+ a)2 + (4D − a2),
meaning that
(2x− (2d+ a))(2x+ (2d+ a)) = 4D − a2.
Taking absolute values, we see that the left hand side cannot be equal to zero; since
|D| > 1, the assumption that 4D − a2 = 0 would imply that D = (a/2)2 > 1,
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which would contradict D being squarefree. Since 2x − (2d + a) is an integer,
|2x− (2d+ a)| ≥ 1, which means that
|(2x− (2d+ a))(2x+ (2d+ a))| ≥ 2x+ (2d+ a) > 2x.
On the other hand,
|4D − a2| ≤ 4|D|+ a2 < 4|D|+ 4x1−2ε,
and so we have
2x < 4x1−2ε + 4|D|.
Therefore, since x > 21/ε,
x < 2x(1− 2x−2ε) < 4|D|,
meaning that there are at most 4|D| such integers x. 
3. Lemmas on stability of some planar lattices
Our goal here is to develop a collection of lemmas that will allow us to treat ideal
lattices coming from any real quadratic number field simultaneously. Throughout
this section, let D > 1 be fixed a squarefree integer. For each pair of integers (a, b)
such that
(11) 0 < b < a, a | b2 −D,
define the lattice
(12) Λ(a, b) =
(
a b−√D
a b+
√
D
)
Z2.
We want to understand for which pairs (a, b) satisfying (11) the corresponding
lattice Λ(a, b) is semi-stable. Let
S(D) =
{
(a, b) ∈ Z2 : (a, b) satisfies (11)} .
We prove the following result.
Proposition 3.1. For infinitely many pairs (a, b) ∈ S(D), the corresponding lattice
Λ(a, b) is semi-stable, and for infinitely many pairs it is unstable. Specifically, there
exists an absolute constant γ > 1 such that if
(13) γb ≤ a ≤ b
2 +D√
D
,
then the lattice Λ(a, b) is semi-stable. On the other hand, if
(14)
b2 +D√
D
< a ≤ b2 −D,
then the lattice Λ(a, b) is unstable.
To establish Proposition 3.1, notice that for each (a, b) ∈ S(D), det(Λ(a, b)) =
2a
√
D, and so Λ(a, b) is semi-stable if and only if
λ1(Λ(a, b))
2 ≥ 2a
√
D.
The norm form of Λ(a, b) corresponding to the choice of basis as in (12) is
Q(x, y) = Q(a,b)(x, y) := 2(xa+ yb)
2 + 2y2D,
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then
λ21 = min
{
Q(x, y) : (x, y) ∈ Z2 \ {(0, 0)}} .
Let (α, β) ∈ Z2 be a point at which this minimum is achieved, i.e.,
Q(α, β) = 2min
{
(xa+ yb)2 + y2D : (x, y) ∈ Z2 \ {(0, 0)}} ,
then gcd(α, β) = 1, and semi-stability is equivalent to the inequality
(15) Q(α, β) ≥ 2a
√
D.
Lemma 3.2. (α, β), the minimum of Q(x, y) falls into one of the following three
categories:
(I) (α, β) = (1, 0),
(II) (α, β) = (0, 1),
(III) 0 < α ≤ b, α ≤ |β| ≤ a, β < 0.
Proof. Assume (I) and (II) do not hold, which means that αβ 6= 0. Then αβ < 0,
since otherwise
Q(α, β) ≥ 2(a+ b)2 + 2D > 2(b2 +D) = Q(0, 1).
Hence we can assume without loss of generality that β < 0, since Q(α, β) =
Q(−α,−β). If |β| > a, then
Q(α, β) > 2a2D > 2a2 = Q(1, 0).
Now consider
f(α) = Q(α, β) = 2(αa− |β|b)2 + 2β2D
as a function of α. Notice that it is increasing when α > |β|b/a. Since |β| ≤ a,
α > |β|b/a when α > b, meaning that Q(α, β) cannot achieve its minimum for such
values of α. Finally, assume that α > |β| and recall that a > b. Then
Q(α, β) = 2(αa−|β|b)2+2β2D ≥ 2(2a−b)2+2D = 8(a2−ab)+2(b2+D) > Q(0, 1).
Hence we established that the inequalities (III) hold, which proves the lemma. 
Let us define three sets of pairs (a, b) ∈ S(D), corresponding to each of the three
cases above:
S1 = S1(D) := {(a, b) ∈ S(D) : (α, β) is as in (I)} ,
S2 = S2(D) := {(a, b) ∈ S(D) : (α, β) is as in (II)} ,
S3 = S3(D) := {(a, b) ∈ S(D) : (α, β) is as in (III)} .
We can write a = C(b2 −D) for some C ∈ R>0, b/(b2 −D) < C ≤ 1. Then Λ(a, b)
is semi-stable if and only if Q(α, β) ≥ 2C(b2 −D)√D, which is equivalent to
(16) C
(
α2C(b2 −D) + 2αβb−
√
D
)
≥ −β
2(b2 +D)
b2 −D .
The right hand side of (16) is always non-positive and C > 0.
Lemma 3.3. The set S1 is finite, and the lattice Λ(a, b) is semi-stable for every
pair (a, b) ∈ S1 with b >
√
D.
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Proof. Let (a, b) ∈ S1 with b >
√
D, then β = 0, α = 1 and (16) holds for all values
of C. Hence the lattice Λ(a, b) is semi-stable.
Now we show that S1 is finite. Notice that for each (a, b) ∈ S1,
1
2
Q(1, 0) = C2(b2 −D)2 ≤ 1
2
Q(0, 1) = b2 +D,
and so C ≤
√
b2+D
b2−D , which means that
b < a ≤
√
b2 +D < b+
√
D.
Therefore b is an integer such that b2−D has a divisor a ∈ (b, b+
√
D), and clearly√
D < b1/2−ε for any ε > 0 for all but finitely many b. There are only finitely many
such integers b by Lemma 2.1, and so the set of such pairs (a, b) is finite, since a is
bounded by
√
b2 +D. 
Lemma 3.4. Let (a, b) ∈ S2 and a = C(b2 −D) as above. Then Λ(a, b) is semi-
stable if and only if C ≤ b2+D
(b2−D)
√
D
.
Proof. Suppose α = 0, then β = 1, then (16) holds if and only if
(17) C ≤ b
2 +D
(b2 −D)
√
D
.

Lemma 3.5. Let (a, b) ∈ S3 and a = C(b2−D) as above. There exists an absolute
real constant γ > 1 such that if C ≥ γbb2−D , then Λ(a, b) is semi-stable.
Proof. If the set S3 is finite, there is nothing to prove, so assume it is infinite. Let
S′3 = {b ∈ Z>0 : ∃ a ∈ Z>0 such that (a, b) ∈ S3} .
In the asymptotic argument below, when we consider b getting large or tending
to infinity, we always mean that b stays in S′3 and a = C(b
2 − D) is such that
(a, b) ∈ S3.
For each (a, b) ∈ S3, the corresponding α, β 6= 0 are such that β < 0 < α ≤ |β|.
The inequality (16) certainly holds when
(18) α2C(b2 −D) + 2αβb −
√
D ≥ 0,
which is true whenever
(19) C ≥ 2α|β|b+
√
D
α2(b2 −D) =
( |β|
α
)(
2b
b2 −D
)
+
√
D
α2(b2 −D) .
Claim 1. There exists an absolute constant ρ so that 1 ≤ |β|α ≤ ρ for all (a, b) ∈ S3.
Proof. Suppose not, then there exists some monotone increasing unbounded real-
valued function f(b) such that
(20) lim inf
b→∞
|β|
αf(b)
= 1.
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Hence we can assume that there exists an infinite subsequence of positive integers
b for which β ∼ −αf(b) as b→∞. Then for all sufficiently large b,
1
2
min
{
Q(x, y) : (x, y) ∈ Z2 \ (0, 0)}
=
1
2
Q(α, β) ∼ (αC(b2 −D)− αbf(b))2 + α2f(b)2D
= α2f(b)2
(
b2
(
C(b2 −D)
bf(b)
− 1
)2
+D
)
> b2 +D =
1
2
Q(0, 1),(21)
unless C(b
2−D)
bf(b) → 1 as b→∞. Suppose this is the case, then
C(b2 −D)
bf(b)
=
( |β|
αf(b)
)
αC(b2 −D)
|β|b → 1,
and since |β|/αf(b)→ 1 and a = C(b2−D), we have ab × α|β| → 1 as b→∞. Since
a, b, α, β are integers, we must have
(22)
a
b
=
|β|
α
for all sufficiently large b. Since α and β are relatively prime, we must have α = b/d,
β = −a/d, where d = gcd(a, b) | D by (11). Then
1
2
Q(α, β) =
a2D
d2
≤ b2 +D = 1
2
Q(0, 1),
and so
(23)
a
b
≤ d
√
1
D
+
1
b2
< d
√
2 ≤ D
√
2.
Now (23) combined with (22) implies that |β|/α ≤ D√2. This completes the
proof. 
Thus we conclude that |β|/α ≤ ρ for all b ∈ S′3. Then (19) implies that for
all b ∈ S′3, if
(24) C ≥ 2ρb
b2 −D +
√
D
α2(b2 −D) ,
then the lattice Λ(a, b) is semi-stable. In other words, there exists some real constant
γ > ρ ≥ 1 such that whenever a = C(b2 − D) for C ∈ [γb/(b2 − D), 1] so that
(a, b) ∈ S3, the lattice Λ(a, b) is semi-stable. 
Proof of Proposition 3.1. Let γ be the constant as in the statement of Lemma 3.5.
First, let (a, b) ∈ S(D) as above with b >
√
D, and assume that (13) is satisfied.
Notice that (a, b) is either in S1, S2, or S3. Then the result follows by combining
Lemmas 3.3, 3.4, and 3.5.
Next, assume that (14) holds, then
det(Λ(a, b)) = 2a
√
D > 2(b2 +D) = Q(0, 1) ≥ λ1(Λ(a, b))2,
and so Λ(a, b) is unstable.
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To construct an infinite family of pairs (a, b) ∈ S(D) giving rise to unstable
lattices, simply take a = b2 − D for each integer b >
√
D+D
√
D√
D−1 ; the resulting
lattice is unstable since (14) is satisfied.
On the other hand, for each m ∈ Z>0 let b = mD and take a = b2−DD =
m2D − 1. Let γ be the constant as in the statement of Lemma 3.5. For each
m ≥ γD+
√
γ2D2+4D
2D , the inequality (13) is satisfied, and hence the resulting lattice
is semi-stable by the argument above. 
Remark 3.1. In the argument above, we constructed a family of unstable lattices
Λ(a, b) with a large comparing to b. On the other hand, there also exist unstable
lattices Λ(a, b) with a close to b. For instance, let D = 13 and consider the pair
(a, b) = (276, 259) ∈ S(D). Then
λ21 ≤ Q(a,b)(1,−1) = 604 < 2a
√
D = 552
√
13 = det(Λ(a, b)),
and so the lattice Λ(276, 259) is unstable.
4. The case of real quadratic number fields
In this section we prove Theorem 1.2. Let D > 1 be a squarefree integer,
K = Q(
√
D), integers a, b, g ≥ 0 satisfying (8), and the ideal I = I(a, b, g) ⊆ OK
as in (7). Then
(25) ΛK(I) =
(
a b− g√D
a b+ g
√
D
)
Z2,
if D 6≡ 1(mod 4), and
(26) ΛK(I) =
(
a 2b+g2 − g
√
D
2
a 2b+g2 +
g
√
D
2
)
Z2,
if D ≡ 1(mod 4). Notice that I = gI ′, where I ′ has canonical basis ag , bg + δ and
ΛK(I) ∼ ΛK(I ′). Hence we can assume without loss of generality that g = 1.
First assume that D 6≡ 1(mod 4), then
I = {ax+ (b−
√
D)y : x, y ∈ Z} ⊆ OK .
Here the pair (a, b) satisfies the conditions of (11) and ΛK(I) = Λ(a, b). The
statement of Theorem 1.2 in this case readily follows from Proposition 3.1.
Now assume that D ≡ 1(mod 4), then
I =
{
ax+
(
2b+ 1−√D
2
)
y : x, y ∈ Z
}
⊆ OK ,
where
(27) b < a, a | 1
4
(
(2b+ 1)2 −D) ,
and
(28) ΛK(I) =
(
a 2b+12 −
√
D
2
a 2b+12 +
√
D
2
)
Z2.
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Let a1 = 2a, b1 = 2b + 1, and notice that the pair (a1, b1) satisfies the conditions
of (11) and ΛK(I) =
1
2Λ(a1, b1). Observe that ΛK(I) is semi-stable if and only if
Λ(a1, b1) is semi-stable, and hence the statement of Theorem 1.2 in this case again
follows from Proposition 3.1.
Remark 4.1. In fact, Theorem 1.2 implies that an arbitrary ideal lattice Λ
Q(
√
D)(I)
is semi-stable with positive probability.
Indeed, for x > 0 let
(29) M(D, x) = {q ∈ Z>0 : q < x,D is a quadratic residuemod q} ,
then q < x is in M(D, x) if and only if D is a quadratic residue modulo every prime
dividing q. Professor Gang Yu pointed out to me that an argument essentially
identical to the proof of the main result of [11] shows that there exists a positive
real constant C(D) such that
(30) |M(D, x)| ∼ C(D)
(
x√
log x
)
as x→∞ (the setM(D, x) can also be compared to the set S(x) = M(−1, x) in the
definition of Landau-Ramanujan constant [15], where the same classical asymptotic
emerges). Then (30) implies that for 0 < k1 < k2 < 1,
|M(D, x) ∩ [k1x, k2x]| ∼ C(D)(k2 − k1)
(
x√
log x
)
,
and so
lim
x→∞
|M(D, x) ∩ [k1x, k2x]|
|M(D, x)| = k2 − k1,
which means that elements of M(D, x) are equidistributed in subintervals of [1, x].
In other words, as x → ∞, every subinterval [k1x, k2x] with 0 < k1 < k2 < 1
will contain a (k2 − k1)-proportion of integers q such that D is quadratic residue
modulo q. This implies that probability of such a modulus q to be in the interval
[k1x, k2x] tends to k2 − k1 as x→∞.
Now let K = Q(
√
D), let I = I(a, b, 1) ⊆ OK be an ideal, and let
a1 =
{
a if D 6≡ 1(mod 4)
2a if D ≡ 1(mod 4),
and
b1 =
{
b if D 6≡ 1(mod4)
2b+ 1 if D ≡ 1(mod4).
Then a1 | b21 −D and b1 < a1 ≤ b21 −D. Let d1 = (b21 −D)/a1, so d1 | b21 −D and
1 ≤ d1 < b1. Theorem 1.2 implies that if
(31)
√
D
(
b21 −D
b21 +D
)
≤ d1 ≤ 1
γ
b1 − D
γb1
,
then the lattice ΛK(I) is semi-stable. In other words, (31) implies that for each
ε > 0 there exists B ∈ R>0 such that for all b1 > B, if
(32) d1 ∈
[√
D
b1
b1,
1
γ
b1 − ε
]
,
then ΛK(I) is semi-stable. Since d1 ∈M(D, b1), our argument above suggests that
the probability of (32) holding tends to 1γ as b1 →∞.
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